In this paper we review our results of comprehensive study of molecular nanomagnets recently synthesized in the form of the chromium-based molecules and bimetallic copper-containing chains as well as we present some new ndings. We focus on eects of anisotropy, geometry and frustration appearing in various thermodynamic properties of the nanoscale magnets which are described by Heisenberg-like spin models and simulated by accurate numerical methods. We show that bond-dependent exchange anisotropy is needed to model magnetic torque in the Cd-doped chromium ring. We argue that only in the limit of innite rings (n → ∞) frustration can be considered as the opposite to bipartiteness in the odd numbered (3 ≤ n ≤ 9) s = 3/2 quantum spin rings. We analyse the inuence of exchange interactions and anisotropy on magnetic susceptibility of bimetallic (S = 3/2, s = 1/2) chains composed of Cu ions linked to dierent 3d ions by tting experimental data. We reach the remarkable consistency of the density functional theory estimates of the magnetic couplings in Cr8 molecule and provide strong support to the spin models exploited in the literature.
absence of inter-molecular and presence of strong intra--molecular magnetic interactions give rise to interesting quantum eects such as resonant tunneling of magnetization [2] or tunneling of the Néel vector [3] . Slow relaxation of magnetization caused by strong anisotropy makes such systems good candidates for application in dense storage devices [4] . Another promising area of their envisaged applications is quantum computing [58] .
Properties of particular molecular magnets are determined by many factors. Obviously a spin value of transition metal ions is very important. Dominating exchange interactions between the ions can be ferro-(like in Ni 12 [9, 10] ) or antiferromagnetic (like in Mn 12 [11] ) leading to quite dierent ground states and magnetic properties. * corresponding author; e-mail: gjk@amu.edu.pl
The molecules with a large value of the total spin and single-ion anisotropy are called single molecule magnets (SMM) as they behave as small nanoscale magnets [11] .
Anisotropy is determined by the type of the metal ions and composition and symmetry of the ions' neighborhood. The strength of the interactions depends on the sort and number of bridging ligands [12] . Besides, the overall topology of the molecule strongly inuences its properties [13, 14] . Molecules doped with other ions, or containing broken bonds exhibit quite dierent properties than their pure counterparts [15] . It has been demonstrated [5] that even the type of hydrogen isotope present in the ligands can strongly inuence relaxation time.
The physics of molecular magnets can be usually well described by the quantum Heisenberg model with single--ion and exchange anisotropy terms
Here s j stands for a spin operator located on site j, D is the single ion anisotropy and D e stands for the exchange anisotropy tensor dened in the local coordinate system.
(992)
R j are the rotation matrices used to transform tensor D e into the global coordinate system. With the exception of D e all the elements of the Hamiltonian (1) are expressed in the global coordinate system and θ stands for the angle between magnetic eld (applied in the xz plane) and the z axis. The parameter α determines the topology of a given spin system. For α = 0 we have a segment with free boundary conditions, for α = 1 a uniform ring whereas for α ̸ = 1 a bond defect in the ring.
This model in general is not integrable so that the cal- In this paper we review some of our recent results focusing on a few factors determining magnetic properties of molecular magnets, such as anisotropy, geometry and often resulting frustration, as well as we render some new results. In particular we discuss anisotropy in the chromium-doped rings [1618] , geometric frustration eects in homometallic nanonuclear s = 3/2 rings [15] and present new results for smaller odd numbered rings needed to perform some extrapolations, and supplement the DFT results for the precursor of the chromium ring family [19, 20] , lling up the set of the non-equivalent spin congurations. Finally the results for the magnetic chains with alternating two dierent metal ions (Co, Mn, Ni, Re and Cu) are presented [21] with emphasis on the new analysis of the Re(IV) compound bridged by the chlorine ions [22] .
To perform calculations for Heisenberg-like Hamiltonians we used three numerical techniques: quantum transfer matrix [23] , exact diagonalization (ED) [10] , and density matrix renormalization group (DMRG) [24, 25] . The DFT calculations were performed within the pseudopotential approach, using the Siesta package [26] .
Chromium-based rings
Among molecular rings those derived from the precur- [27] form especially rich and interesting family and attracted a lot of interest [28, 29] . In the rings Cr ions with spin S = 3/2 are coupled by antiferromagnetic nearest neighbor intramolecular exchange interactions. They can also be doped with other metal ions [29] , can form dimers [7] and contain even or odd number of magnetic centers [30] .
Anisotropy in Cr 7 Cd
In the heterometallic chromium-based molecular ring It is assumed that the properties of Cr 7 Cd can be well described by Hamiltonian (1), where n = 7, α = 0, g = 1.98 and D e tensors have the same diagonal form [32] :
e is dominating due to a contribution from dipolar spinspin interactions [32] .
We have demonstrated the ambiguity in the t of the powder-sample susceptibility which can be equally [17] . However, the EPR spectroscopic studies suggested that the third (III) set of parameters should be preferred [32] . in arbitrary units [13] . The shape of the curve obtained for parameters III is the most similar to that obtained in the experiment [13] .
This allows us to conrm on the independent ground of thermodynamic measurements the preference for the third set of parameters which includes bond-dependent exchange anisotropy suggested by the EPR studies [32] .
Frustration in the models of Cr n rings
It has been long believed that odd membered antiferromagnetic rings are hard (if not impossible) to synthesize.
Yet, recently a number of such rings, both homo-and heterometallic were reported [30, 33, 34] . They are especially interesting because of magnetic frustration which is expected to appear in this kind of materials.
Magnetic frustration is an interesting and not precisely dened phenomenon, which was analyzed in the context of both classical [35] and quantum spin systems [36] .
Recently frustration eects have been investigated in nanoscale systems [37] and attempts were made to reconcile dierent approaches to magnetic frustration [38] .
In antiferromagnetic spin rings frustration can be caused by competing nearest and next nearest neighbor interactions or by the very geometry of the system containing odd number of spins. In chromium rings next nearest neighbor interactions are negligible (see Sect. at α = 1 and is related to the change of the symmetry but the ring remains still frustrated.
The frustration signatures in the Cr 7 ring undergo abrupt changes at the value of α corresponding to the transition from the frustrated to the non-frustrated phase. Stronger frustration corresponds to the reduction of the local and global magnetizations (Fig. 3 ) and increase of the local uctuations (Fig. 4) . The results obtained for the odd numbered rings (n = 3, 5, 7, 9) allow us to plot the ground state phase diagram presenting the dependence of α c on the size of the system and the magnetic eld (Fig. 5) . Above α c the corresponding systems are frustrated (the ground state m = 1/2), below they are not frustrated (the ground state m = 3/2).
For B = 0 extrapolation of α c (1/n) for nite n = 5, 7, 9 and n = 7, 9 to innite size (see Fig. 6 ) gives values α c (0) = 0.0098 and 0.0036, respectively, which are very close to zero. This result allows us to conclude that only for the innite size odd numbered s = 3/2 rings the conjecture of Schnack [38] stating that bipartiteness can be considered as the opposite to frustration, may be valid.
DFT results for Cr 8
In order to extract the electronic structure as well as to estimate exchange integrals and local spin densities in Cr 8 beyond the spin models, we performed the DFT calculations [20] based on the pseudopotential approach implemented in the Siesta package [26] . Previously we checked that [19] the approach is reliable despite it is computationally less demanding than the codes with the full potential implemented. Instead of using various linear or zig-zag models [41, 42] , we have accounted for a real geometrical structure of the molecule (like that used in [43] ) and have evaluated the total energies for all the non-equivalent congurations with spin up and down.
The 15 dierences in the total energies of 16 spin congurations previously calculated [20] By comparing all possible combinations of these 17
DFT energy dierences with those of the Ising models, we have estimated the exchange integrals J between chromium ions, using the topology of the two-spin interactions plotted in Fig. 7 . The exchange interaction parameters obtained are presented in Table I . We tried Table I proceed from the averaging J = (J 1 + J 2 )/2 and J ′ = (J 3 + J 4 )/2.
In Table I Table I and
The present values of the couplings are very consistent and agree remarkably well with those found for a limited number of congurations [19, 20, 43] . They give the sound evidence of consistency of the DFT calculations.
Our calculations show consistency in the DFT estimates of the magnetic couplings but do not eliminate inconsistency with experiment. The values of the nearest neighbour coupling overestimate by a factor of 4 the results obtained by tting experimental data with the predictions of spin models [16, 32, 44] . This deciency is inherent, happens also in other DFT studies [43, 41] and needs further studies.
Another important property that can be calculated by DFT method to verify Heiseberg-like spin models used for chromium rings is the spin polarization of the charge density and the local magnetic moment. As expected, signicant values of the spin polarisation can be observed only in the vicinity of the chromium ions [20] which conrms the localized picture assumed in the spin models.
Quantum spin chains
An interesting class of low-dimensional magnets are the single chain magnets (SCM). They have usually a form of polymer chains with built-in magnetic ions. Strong
Ising-like anisotropy and weak inter-chain magnetic interactions give rise to slow relaxation and hysteresis loops of molecular origin, the behaviour observed also in SMM [1, 45] . In some circumstances such systems can be considered as one-dimensional and modeled with quantum
Heisenberg-like models (1). However, for macroscopic n the simulations are computationally very demanding in the low-temperature region.
In our recent papers [21, 24, 25, 46] we have demon- Table II . We emphasize that we have simulated all these systems irrespective of the type of magnetic interactions and the strength of the single-ion anisotropy [21, 24] .
The last item in Table II Ising and Heisenberg models with the parameters estimated earlier in [22] . The continuous line represents our improved t.
The experimental magnetic data obtained for powder samples were initially tted with the approximate formula for susceptibility [22] following from the Ising model, giving the exchange coupling J = 3.3 K, the anisotropy constant D = 18.9 K and g-factors g Cu = 2.11 and g Re = 1.81. We used these values and the DMRG approach to calculate accurately the powder sample susceptibility for the Ising and Heisenberg models. The results are presented as broken lines in Fig. 8 and are quite dierent from experimental data and the previous approximate calculations tting them.
Therefore, in order to nd a better t unbiased by any approximation, we reanalyzed the experimental results in terms of the model (1) . From the t illustrated in Fig. 8 it has been conrmed that the exchange interactions between the ions are antiferromagnetic but J = 9.5 ± 0.5 K.
Since the measurements were carried out on a powder sample only absolute value of the anisotropy parameter could be determined. Our nding |D| = 20 ± 5 K is surprisingly close to the previous estimate [22] . 
Conclusions
We have reviewed our recent work on molecular magnets focusing on anisotropy, geometry and frustration ef- 
